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ON A MODIFICATION OF THE AVERAGING METHOD FOR SEEKING HIGHER APPROXIMATIONS'

V.V. STRYGIN

Systems in the N.N. Bogolyubov standard form as well as systems with rapid
phases are considered. It is proposed to seek the solution in the form

of an asymptotic series in a small parameter with coefficients representable
in the form of the sum of two functions. The first depends on slow time

and is found as the solution of a simpler equation in a finite segment.

The second is a trigonometric polynomial of the time {or the angular
displacements) with coefficients which depend on the slow time (it is

found in an explicit manner). It is convenient to use the results in
solving certain problems in celestial mechanics.

Utilization of the Bogolyubov-Mitropol'skii-Velosov averaging method /1, 2/ in calculat-
ing high approximations of a solution with fixed initial condition can be made complicated
because of the awkwardness of appropriate manipulations. A modification is proposed below
for the method which is based on ideas utilized in the theory of singularly perturbed equa-
tions /3, 4/.

Let R™ be an n-dimensional Euclidean space, and let D be a bounded domain in R™ We assume
that a function X (5, z) with values in R"%, all of whose derivatives with respect to z to the

(N 4+ f)~th order are continuous, is defined in [0,00) XD . Let X (. z} be a trigonometric
polynomial in t.
The Cauchy problem

dz/dt = eX (1, 2), 2 (0) =a & D, t & [0, T/e] )

is considered, where ¢ is a small positive parameter. We will seek an approximate solution
of this problem in the form

zy=apt ez + ...+ eNay 2
= +ngi=01 .. N i
Here v; are trigonometric polynomials in t. Formally substituting (2) into (1), we have
du, o, v du. L2 v
[e%%-e ';,%-i—”‘,«;f‘] +e [e—,ﬁ‘-+e-5-{-+"5%~] dee =Xt zpt ez b ) ®

We shall try to satisfy this egquation for all Ee{0, 7] and tel0, x). We set 1y, =0.
Wg shall later denote the mean value of the function X with respect to t by X. Then X =
X+ X'. EvidentlyX'has a zero mean in t. Furthermore
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We equate the coefficients of

we find

axX ‘
X(tzebent o) =X () + X (6 )+ [T b o+ e+ v} @
e in the expansion in (3). Setting
(5
for

duy/dE = X (uo), v (0) = a
ue () D in a certain segment [0,T] and we obtain the equation dv/dt= X'[t, u, (]

has a zero mean in t for fixed ¢{e[0,7], then by considering { as a parameter,

v . Since X'
we set =0 and find
t

(8)

where o (§, 1)
We now equate the coefficients of

¢

v (B )= X' [s, ua ()] ds

[

is'a trigonometric polynomial in ¢t.
e? for the expansion in (3). We have

[24
a(:‘) uy - Fy

X
a(zu‘) 1 +

The mean value of the function &X' (4 u)/dz with respect to t is evidently zero.
F,, the mean value of the function F, with respect to t, is defined by the functions

duy vy

@ T &
é
F1=_.-;€—‘-+[

X’ (¢, o) v,‘i

0X' (¢, uo) "
ox

oz

Hence,
ug and

already known.
We set
N

X
LY "m(0)=0, 0SEST

oz

du,

- = w + Fi(E),

v —
dt' =F—F ®
Here u, is determined single-valuedly from (7). Consequently, the guantity F, is also
We can now set
t
ve (6. 0) = § (Fiis, B) = Fu(8)) as

0

determined.

ri=ui+ v, i=1,2,...,N be defined. Evidently

dzjdt = eX (t, z,) + f, 0 <t < T/e
Gr1<ce™, €. >0,0<t< Tle)

etc. Let all the

and z, we should set w=zr—z,.

To estimate the closeness of the solution z of problem (1)

We then have
n dwldt = € {X (t, 24+ w) — X (¢, 2,) — &7}, w (0) = 0
Changing over to the slow time §= &, we obtain the equation

w=§{X('z-_vrm+ )—X(%'I')—e‘ll‘}ds.i=st

From the principle of compressed mapping we have.
ge > 0 exist such that for all

Theorem. Under the above assumptions numbers ¢ >0 and
e & (0, g a solution exists for the Cauchy problem (1) for te [0, T/e] and
sup |z (8, ) — 7, | < CeV Gl
t<T<T/e
Now, let R™ be an m-dimensional Euclidean space and the functions X (s y and Y (z,y) be
determined in D X R™ with values in R™and R™, respectively. Let @: D —R™ We shall consider
that X and Y are trigonometric polynomials in y= (g, ... ym) ©f period 2n. Let X, Y and e
be (N -+ 1) times continuously differentiable with respect to =z and y.
eX (r, y), dyldt= @ (2) + e Y (z, v 10)

The Cauchy problem
dz/dt =

r=aeD, yO)=pesR™ 0 1T/

€.

is considered with a small positive parameter
We will seek the approximate solution of this problem in the form

o= g+ Er 4 Ve, pe=B A Yooy .+ Ny

zi= il eGP, vp=0, pi=yi§ ), i==1,2, .. N, §=u¢t
tN

P o= \ 2 & o (7, T)dT

o0
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Therefore, v = Q= X&*®,(}). As before, we denote the mean values of X and Y with respect
to the variable y by :EY et X¥=X-X¥Y=Y-7
Evidently )
%—s%-@%ie%-{—s 7E :: Q]-{'- {11)
dy [ 1
T«Q+s[e-§-+%‘ﬂ}+... (12)
Furthermore
Xxotemt -..,§+¢+em+ )—X(ue}+x'<ua,s+¢)+ {13)
e o0+ Gk T e+ ow)
Y(zoent.. o Bbvbant.. )= T @)+ Y (u B+ 9+ {14}

(ZrZ) ot (L 2 ) )+

As before, we determine the function u,(f) by solving a problem analogous to (5). We set
@y (8 = @ fuy (1)]. Then we have the following relationship for o
vy

S e ¥ e 1 ady
@ =X {5 B+ ¥

If it is assumed that for any Ee[0,7] and any integer vector k= (k, ... kn) =0

(k, 0 (B) =0 (16)
then from (15) the Fourier coefficients of the function # (¢ ¢) are determined single-valuedly
(if it is considered that the mean value of vy (E, 9} with respect to ¢ is zero).

We henceforth define »; and y; in such a manner that their mean value with respect to
¢ is zero,
We then have from (10}, (12), and (14)

-
=
&2

é dw
01+"5%"’)°= (u«) (urt 1) + ¥ (o) + Y7 (sher B+ )
k2 e te ) £ 2 ~bvdemt e elha s T ol sl d s
T n Q3L WI WT WA L bl AT LT AQLANILDLA WD
d da o0
o oe= 220, Ly e, B9 0= 22 L Py an

Hence, y, is determined single-valuedly, while o, will be refined later. Furthermore,
we have from (10), (ll) and (14)

duy Guy By Aoy ( EAY 2.4
0 ==

=t e o wLTW Pyl s )(Ux'"vx}"r( 7 T ay) (18}

We note that the series of components has a zero mean with respect to ¢. Hence, we obtain
equations for u and u

duy ax f{ug) \ 5 vy
i A 0B Fpee=Vi(G ¥ {19
in which [ is an already known function and the mean value of V, with respect to ¢ eguals
zero.
The u;(§) with the initial conditi u {0)= —v{0,0) is determined single-valuedly from
the first eguation in (19}). Then we f‘.nd ® from the second eguation in {17) and we refine

he first equation in
the function ¢, ¥} from (18). Finally, V;( ¢ is determined single-valuedly from the
second equation in (19) Subsequent terms are determined by the same scheme.
Having determined i‘v' terms of the series, we obtain uniform estimates in i ej0, T/e]
1024/dt — £X (24, yy) 1< CEN M
"o ;¥ PR < s N ma N
{dyaidt — @ (2,4} — €Y (x4, pol < CE”

The author is grateful to M.A. Krasnosel'skii, S.G. Krein, and V.M. Volosov for discussing
the results.
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