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ON A MODIFICATION OF THE A~~~GI~G METHOD FOR SEEKING HIGHER APPROXIMATIONS* 

V.V. STRYGIN 

Systems in the N.N. Bogolyubov standard form as well as systems with rapid 
phases are considered. It is proposed to seek the solution in the form 
of an asymptotic series in a small parameter with coefficients representable 
in the form of the sum of two functions. The first depends on slow time 
and is found as the solution of a simpler equation in a finite segment. 
The second is a trigonometric polynomial of the time (or the angular 
displacements~ with coefficients which depend on the slow time (it is 
found in an explicit manner). It is convenient to use the results in 
solving certain problems in celestial mechanics. 

Utilization of the Bogolyubov-Mitropol'skii-Velosov averaging method fl, 2/ in calculat- 
ing high approximations of a solution with fixed initial condition can be made complicated 
because of the awkwardness of appropriate ,manipulations. A modification is proposed below 
for the method which is based on ideas utilized in the theory of singularly perturbed equa- 
tions /3, 4/. 

Let Rn be an n-dimensional Euclidean space, and let D be a bounded domain in R".We assume 
that a function X&z) with values in Rn ,all of whose derivatives with respect to 2 to the 
(N+ I)-th order are continuous, is defined in fO.00) xf). 

polynomial in t. 
Let X @,zf be a trigonometric 

The Cauchy problem 
dz/dt = eX ft, z), 2 (0) = a E I), t E IO, Tie] 0) 

is considered, where e is a small positive parameter. 
of this problem in the form 

We will seek an approximate solution 

Here 0: aretrigonometric polynomials in t. Formally substituting (2) into (l), we have 

(3) 

We shall try to satisfy this equation for all thg[O, Tt and trf0. oe). We set ~~zm0. 
We shall later denote the mean value of the function X with respect to t by X. 
x+x'. Evidentlyx'has a zero mean in t. 

Then X= 
Furthermore 
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We equate the coefficients of e in the expansion in (3). Setting 

&ME = X (4, 0 (0) = a (5) 
we find Us ED in a certain segment (O,Tl and we obtain the equation 3v,lat- X’[t,uo(&)] for 
01 - Since X' has a zero mean in t for fixed EE[O, T], then by considering e as a parameter, 

we set ~Ir-o-=O and find 

t 
~(5,t)== s X' [a. uo(s)l da (6) 

0 

where pt(E,t) is,a trigonometric polynomial in t. 
We now equate the coefficients of es for the expansion in (3). We have 

Q+ FI 

The mean value 
P,, the mean value 

4 already known. 

We set 

of the function ax’ (t,h)/& with respect to t is evidently zero. Hence, 
of the function F, with respect to t, is defined by the functions u0 and 

(7) 

(8) 

Here z+ is determined single-valuedly from (7). Consequently, the quantity F, is also 
determined. We can now set 

0. (5, 0 IFI b-t 4) - 7, WI ds 
0 

etc. Let all the li= IA*+ vi, i= 1,2,...,N be defined. Evidently 

d.z,/dt - eX (t. 2.) + f, 0 Q t < T/e 

(llf II<Ce * N+I c > 0, 0 < t < T/e) 

To estimate the closeness of the solution I of problem (1) and .z. we should set W=Z--le. 
We then have 

dw/dt = e (X (t, I* + w) - x (t, I*) - C’f), w (0) = 0 

Changing over to the slow time t= et, we obtain the equation 

W= $,T*+W)-X($,=,)-e-l/]dS,E=ff 

From the principle of compressed mapping we have. 

Theorem. Under the above assumptions numbers C>O and eO>O exist such that for all 

e E (0, %I a solution exists for the Cauchy problem (1) for TV [O, T/e1 and 

Now, let R” be an m-dimensional Euclidean space and the functions X (.I,YI and Y (s, y) be 

determined in E xR”’ with values in Rnand R", respectively. Let o:% - Rm. We shall consider 

that X and Y are trigonometric polynomials in y = (8,. . ., pm) of period 2n. Let X, Y and o 
be (Nfl) times continuously differentiable with respect to = and y. 

The Cauchy problem 
dzidf = eX (z, y), dyidt = 0 (I) + 8 Y (z, y) 10) 
~.(~)=~(ED,~(O)=BER~~,O~ (<Tit: 

is considered with a small positive parameter E. 
We will seek the approximate solution of this problem in the form 

Z* = z-0 + EI‘ + .+ EN.Zf,, y* = p + J, + ‘y, + + ENYN 

zi = ui (3 -k L’i (j, $). u0 EO, yi = y, (:, *‘), i == 1. 1, _, N, f = et 
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Therefore, cp’ = Q = 2r* w* (E). As before, we denote the mean values of X and Y with respect 

to the variable y by "x,Y". Let X'= X -X,Y'= Y--ly. 

Evidently _ 

As before, we determine the function lip(%) by solving a problem analogous to (5) 

@a ff) - Q) la0 (%)I. Then we have the following relationship for vx 

If it is assumed that for any %~-[i),Tl and any integer vector k -&, . . ..k.)ptl;O 

vh 00 (5)) + 0 
then from (15) the Fourier coefficients of the function vx(%,q) are determined single-valuedly 
(if it is considered that the mean value of Y~(%,*) with respect to * is zero). 

We henceforth define Vi and 8~ in such a manner that their mean value with respect to 

* is zero. 
We then have frcnn (lo), (L?), and (14) 

For g, and e, we obtain the relationships 

Hence, gi is determined single-valuedly, while o, will be refined later. Furthermore, 
we have from (lo), (11) and (14) 

We note that the series of components has a zero mean with respect to q. Hence, we obtain 
equations for u1 and up 

in which C, is an already known function and the mean value of V, with respect to q equals 
zero. 

The sl(%) with the initial condition rrlfO)= -~i(i?,O) is determined single-valuedly from 
the first equation in (19). Then we find ox from the second equation in (17) and we refine 
the function 'k (%* li') from (18). Finally, v,(%,*)is determined single-valuedly from the 
second equation in (19). Subsequent terms are determined by the same scheme. 

Having determined N terms of the series, we obtain uniform estimates in t=/O, ‘f/e] 

~~dr,/dt - eX (I*, g*f // < :CE~+~ 

Ii&&f - 0 (4 - EY (I*, Y*] U f C@ 

The author is grateful to M.A..Krasnosel'skii, S.G. Krein, and V.M. Volosov for discussing 
the results. 

REFERENCES 

1. BOGOLYUBOV N.N. and MITROPOL'SKII YU.A., Asymptotic Methods in the Theory of Non-linear 
Oscillations, Fismatqiz, Mosdow, 1963. 

2. VOLOSOV V-M. and MORGUNOV B.I., Averaging Method in the The Theory of Non-linear Oscillating 
Systems. Izdat. Moskovsk. Gosudarst, Univ.. Moscow. 1971. 

3. VASIL'EVA A.B. and BUTUZOV V.F., Asymptotic Expansions of the Solutions of Singularly 
Perturbed Equations, IJauka, Moscow, 1973. 

4. LOMOV S.A., Introduction to the General Theory of Singular Perturbations. Nauka, Moscow,l981, 

Translated by M.D.F. 


